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Abstract: Using a space tether system attached to the Moon’s surface can in principle lead to 
energy harvesting from the mechanical damping of the tether as it experiences elongational 
motion due to time-varying tidal forces. It is shown that such a tether system can in principle 
provide electricity generation for lunar infrastructure, although the power generated is modest 
relative to the scale of engineering required. First, the dynamics of the coupled planar elongation 
and librational motion is established for a massless, elastic and damped tether with a large tip-
mass in the frame of the elliptic Earth-moon restricted three-body (EEMRTB) system. Equilibria 
at the natural L2 point are obtained as reference positions to perform the analysis. The method of 
multiple scales is then used to obtain the steady state amplitude-frequency response by ordering 
key variables and parameters appropriately. The steady-state power output determined by the 
elasticity, length and damping of the tether is presented. Specific resonances for peaks of power 
output, together with corresponding resonance regions, are also investigated along with 
suggestions for tradeoffs among the key system parameters. Finally, the optimal damping for 
maximum power output is determined, together with the corresponding natural length and 
elasticity of the tether. 
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1. Introduction 1 
Energy harvesting from the environment is a research topic of significant contemporary 2 
interest [1-3] with intensive research on the harvesting of mechanical energy from ambient 3 
vibrations [4, 5]. This paper will present a novel energy harvesting strategy using a damped 4 
space tether connected to an end mass and the surface of the Moon. As the tether is forced by 5 
time-varying tidal forces due to the eccentricity of the lunar orbit, a damping device at the base 6 
of the tether generates power which can be tapped to provide a source of electrical energy. 7 
Physically, energy will be extracted from the Moon’s orbital motion (as is the case for terrestrial 8 
tides), however this is not apparent in the analysis provided since only the restricted three-body 9 
problem is considered where the lunar orbit is fixed.  The strategy therefore provides a new 10 
approach to generating electrical energy for future human lunar activities, and can also by 11 
synergistic with other lunar tether applications for payload transport.  12 
One can find comprehensive and detailed reviews of space tether systems in [6], covering 13 
momentum exchange and electrodynamic tethers, where the main focus is on propulsion and 14 
power generation from tethered space platforms. Energy and power can be generated by 15 
exploiting the ambient environment such as the local magnetic field using electrodynamic tethers 16 
[7], which have also been proposed to be used as a propulsion method for space debris de-17 
orbiting [8]. The design, using numerical and experimental analysis, of momentum exchange 18 
tethers was performed in [9-12]. The method of multiple scales was also used for determining 19 
approximate analytical solutions to tether dynamics with weak nonlinearity [10]. Tether design 20 
and laboratory experiments were performed for scale models in [11]. The motorised momentum 21 
exchange tether (MMET) has also been proposed to transport payloads between the Earth and 22 
Moon [11-12].  23 
Energy and power generation at the Moon is an imperative once large-scale human lunar 24 
activity is underway. The dynamics of tethered systems attached to the Moon’s surface have 25 
been studied in the framework of the restricted three-body problem in [13-14]. In-plane and out-26 
of-plane librations, rather than elastic elongational motion, were investigated and were controlled 27 
by adjusting the rigid tether’s length in [13-14]. Concerning nonlinear approximations for the 28 
analysis of tethered systems, the method of multiple scales was used to provide analytical 29 
solutions for the in-plane libration and pitch motion of a main [15] and sub-satellite respectively 30 
[16]. Nonlinear internal resonance was also addressed. For a space tether energy harvesting 31 
  
system, it is expected that one may enhance the energy harvesting process by designing the 32 
harvester with such internal resonances.  33 
One can refer to [17] to understand how nonlinearities in mechanical energy harvesting 34 
systems affect the performance of the harvesters. Specifically, the bandwidth of the nonlinear 35 
energy harvester can be wider than for linear systems.  36 
The effect of internal resonance on harvesting vibrational energy with a broad bandwidth has 37 
been investigated for a 2-degree of freedom dynamical system [18]. The performance of this 38 
nonlinear harvester was verified analytically using both the method of multiple scales and 39 
experiment. A hybrid nonlinear harvester considering both internal resonance and bi-stability 40 
was designed with vibrational energy harvested within a relatively broad frequency spectrum 41 
[19]. The 2:1 internal resonance between the symmetric and horizontal mode was utilized to 42 
enhance energy harvesting from a portal frame structure [20]. The dynamic instability and 43 
internal resonance of a vertical beam with a tip mass were also exploited to improve the 44 
efficiency of the vibration harvester [21], with the improvement of power output verified 45 
experimentally. Moreover, there exists a 2:1 internal resonance for a single piezoelectric 46 
cantilever attached by a pendulum. The bandwidth of a harvester can thus be broadened and the 47 
effectiveness of such a system has been verified both numerically and experimentally [22]. The 48 
vibration of a cantilever beam can also be attenuated by mounting an oscillator constrained to 49 
move along the beam with internal resonance between the vibration and the oscillator’s motion 50 
[23]. This new concept indicated that one can exploit internal resonance to both damp vibration 51 
and perform energy harvesting effectively [23]. 52 
One can also design mechanical systems with bi-stable or multi-stable equilibria to enhance 53 
energy harvesting [24-25]. The large displacements obtained, and thus enhanced power 54 
generation, is dramatically increased utilizing snap-through features of bi-stable systems. Bi-55 
stable buckled beams have been adopted as a component of harvesters [26-27]. It was also 56 
clarified and verified that bistable buckled beams can harvest vibrational energy within a much 57 
wider frequency band and that the power output was also larger than for monostable beams. 58 
This paper proposes the use of a long taut tether attached to the Moon’s surface to harvest 59 
energy from the damped elongational motion of the massless tether. The external excitation of 60 
the tether system arises from time-varying gravitational tides, specifically from the small but 61 
finite eccentricity of the orbit of the Earth-Moon system. Rayleigh dissipation of the elongation 62 
  
oscillations of the tether due to a damper as its base will then be used to generate power and the 63 
key parameters of the system (e.g. natural length, elasticity and damping coefficient) will be 64 
selected based on nonlinear resonance analysis. The paper presents an interesting new approach 65 
to generate lunar energy that merely utilizes the time-varying tidal forces due to the elliptical 66 
orbit of the Earth-Moon system; but again the power generated is modest relative to the scale of 67 
engineering required. It is noted that there exists an extensive literature concerning the dynamics 68 
and control of space tether systems and nonlinear dynamical analysis of energy harvesters. 69 
However, the nonlinear dynamical analysis of a long elastic space tether system for application 70 
to energy harvesting has not been addressed to the author’s knowledge. The paper will focus on 71 
this problem and perform a nonlinear analysis, as discussed. 72 
The organization of the paper is as follows. In Section 2, the detailed configuration of the 73 
space tether system and related reference frames are presented. Then, the dynamics of the space 74 
tether system is detailed in Section 3, with planar elastic elongation and in-plane libration. 75 
Equilibria within the elliptic Earth-Moon restricted three-body (EEMRTB) system are then 76 
investigated as reference states to facilitate the analysis. In Section 4 the method of multiple 77 
scales is used to provide approximate analytical solutions to the problem. In Section 5, the power 78 
output of the system is determined by the natural length, elasticity and base damping coefficient 79 
of the space tether which is presented and discussed. In addition, the largest steady-state tension 80 
and strain within the tether system are also calculated as a key consideration for designing the 81 
tether-based energy harvester. Moreover, the optimal damping for maximizing power output is 82 
determined, together with the corresponding natural length and elastic coefficient. In Section 6, 83 
conclusions are presented based on an analysis of the results presented in the preceding sections 84 
and the future work is also proposed. 85 
2. Configuration of the space tether system 86 
A long, massless tether is connected to the Moon’s surface with a counterweight mass S and 87 
damper at its base, as shown in Fig. 1. The EEMRTB system includes the Earth, Moon and tether 88 
tip mass S. The tether system’s parameters such its natural length and damping coefficient should 89 
be selected to ensure that the tether system is taut, and in libration, rather slack or in rotation at 90 
all times.  It can be noted that one should select the natural length of the tether larger than the 91 
distance between the Moon and the natural L2/1 point, and a comparatively large damping 92 
  
coefficient should be adopted, to ensure that the tether is taut during operations. One should also 93 
check whether the tether is always taut using numerical methods. 94 
 95 
Fig. 1 (a) Space tether system in the EEMRTB system (b) Elastic tether and a damper at the base of the system 96 
In Fig. 1, E and M denote the Earth and Moon respectively, and c is the common centre-of-97 
mass. 𝑹𝑚 , 𝑹𝑒   and 𝒓𝑆  are the positions of the Earth, Moon and S relative to c respectively. 98 
Furthermore 𝒍 and 𝒓𝑒𝑆  denote the positions of S relative to M and E respectively. Fixed and 99 
rotating reference frames are established, as shown in Fig. 1, denoted as 𝝅𝐼(𝑐𝑋𝐼𝑌𝐼𝑍𝐼)   and  100 
𝝅𝑟(𝑐𝑥𝑟𝑦𝑟𝑧𝑟) respectively, where 𝑐𝑋𝐼 points to the orbit perigee, 𝑐𝑍𝐼 points in the direction of the 101 
angular velocity of the Earth-Moon system about c, 𝑐𝑥𝑟 points from c to M and 𝑐𝑧𝑟 is coincident 102 
with 𝑐𝑍𝐼. Moreover, θ is the true anomaly of the Moon-Earth line rotating about c.  103 
The tether is assumed to have a damper at its base which can be used to tap electrical power 104 
through the dissipation of the energy input to the tether due to the time-varying tidal forcing from 105 
the eccentricity of the Moon’s orbit. One can envisage, for example, an array of piezoelectric 106 
elements close to the base of the tether at the lunar surface which dampen the elongational 107 
forcing of the tether and so generate electrical power. A simple Rayleigh model of the dissipation 108 
device with damping constant 𝑐𝑑 will be used for illustration, as shown in Fig. 1(b). 109 
In this paper the in-plane libration and elastic elongation of the massless tether (denoted as 𝛼 110 
and l in Fig. 1), and the orbital parameters are determined by 𝛼 and l for this 2-dof system, 111 
driven by the gravitational tide between the Earth and Moon are considered. One can assert 112 
  
𝛼 ∈ [0, 𝜋] when it is within the first and second quadrants, 𝛼 ∈ [−𝜋, 0] when it is within the 113 
third and fourth quadrants, both in  𝝅𝑟 as shown in Fig. 1. The Lagrange method is utilized to 114 
obtain the coupled dynamics after deriving the kinetic energy, gravitational potential energy and 115 
elastic potential energy, and the Rayleigh dissipation function. 116 
3. Dynamics of the space tether system 117 
3.1 The dynamic modeling 118 
 As stated in the preceding section, one should derive the expressions for the relevant energies 119 
and dissipation function to arrive at dynamic equations utilizing the Lagrange method. To derive 120 
these energies for dynamic modeling, one should first define key position and velocity vectors. 121 
For the EEMRTB system consisting of the Earth, Moon and S, the relative position vector 122 
between the two primaries pointing from the Earth to the Moon is denoted as 𝒓 and is as follows. 123 
 
𝒓 = [
𝑟
0
]
𝑟
= [
𝑎(1 − 𝑒2)
1 + 𝑒𝑐𝑜𝑠𝜃
0
]
𝑟
 
 
(1) 
where a is the orbit semi-major axis and e is the eccentricity. The subscript r represents 124 
components in 𝝅𝑟.  It is evident that r is time-varying as e is nonzero. This is the cause of 125 
gravitational tidal forcing. It can be seen that r (also the subsequent position vectors) is two-126 
dimensional as planar dynamics will be considered in this paper. 127 
The position of S relative to c denoted as 𝒓𝑆 is defined as follows by referring to Fig. 1. 128 
 𝒓𝑆 = 𝑹𝑚 + 𝒍 = [
(1 − 𝜇)𝑟 + 𝑙𝑐𝑜𝑠𝛼
𝑙𝑠𝑖𝑛𝛼
]
𝑟
= [
𝜇1𝑟 + 𝑙𝑐𝑜𝑠𝛼
𝑙𝑠𝑖𝑛𝛼
]
𝑟
 
(2) 
where 𝛼 is the pitch angle of the tether, measured from 𝑐𝑥𝑟  to 𝒍 and 𝜇 ≈ 1/81.3 is mass ratio of 129 
the Moon to the Earth-Moon system, expressed as 𝑚𝑚/(𝑚𝑚 + 𝑚𝑒), where 𝑚𝑚 and 𝑚𝑒 are the 130 
masses of the Moon and Earth respectively. We denote 𝜇1 = 1 − 𝜇 as the mass ratio of the Earth. 131 
The velocity of S is denoted as 𝒗𝑆 and is as follows. 132 
 
𝒗𝑆 =
𝑑𝑹𝑚
𝑑𝑡
|
𝑟
+
𝑑𝒍
𝑑𝑡
|
𝑟
+ 𝝎𝑟𝐼 × (𝑹𝑚 + 𝒍) = [
𝜇1?̇? − 𝑙?̇?𝑠𝑖𝑛𝛼 − 𝑙?̇?𝑠𝑖𝑛𝛼 + 𝑙?̇?𝑜𝑠𝛼
𝜇1𝑟?̇? + 𝑙?̇?𝑐𝑜𝑠𝛼 + 𝑙?̇?𝑐𝑜𝑠𝛼 + 𝑙?̇?𝑖𝑛𝛼
]
𝑟
 
(3) 
where  
d(.)
d𝑡
|
𝑟
represents a derivative with respect to time in frame 𝝅𝑟  and 𝝎𝑟𝐼  is the angular 133 
velocity of the Earth- Moon system rotating about c, expressed here as ?̇? (where the overhead dot 134 
represents a time derivative). 135 
The kinetic energy of S is denoted as 𝑇𝑆 and is defined as  136 
  
 𝑇𝑆 = 𝑚𝜇1𝑟𝑙?̇?
2𝑐𝑜𝑠𝛼 + (𝑚𝑙2?̇?2)/2 + (𝑚𝜇1
2𝑟2?̇?2)/2 − 𝜇1𝑚𝑙?̇??̇?𝑠𝑖𝑛𝛼 + 𝜇1𝑚𝑟𝑙?̇??̇?𝑐𝑜𝑠𝛼 + 𝑚𝑙
2?̇??̇?
+ 𝜇1𝑚𝑟𝑙?̇̇?𝑠𝑖𝑛𝛼 + (𝑚𝜇1
2?̇?2)/2 − 𝜇1𝑚𝑙?̇??̇?𝑠𝑖𝑛𝛼 + 𝜇1𝑚𝑙?̇̇?𝑐𝑜𝑠𝛼 + (𝑚𝑙
2?̇?2)/2 + (𝑚𝑙2̇)/2 
(4) 
where m is the mass of S, adopted as 5 × 105 kg in this paper.  137 
   One can then calculate the gravitational energy 𝑈𝑔 and elastic energy 𝑈𝑒 of the system as 138 
 
𝑈𝑔 = −
𝜇𝑚𝑚
|𝒍|
−
𝜇𝑒𝑚
|𝒓 + 𝒍|
, 𝑈𝑒 =
1
2
𝑘(𝑙 − 𝑙0)
2 
(5) 
where 𝜇𝑚 and  𝜇𝑒 are gravitational constants of the Moon and Earth respectively and 𝑘 and 𝑙0 are 139 
the elastic coefficient and natural length of the tether. In this paper, 𝑙 − 𝑙0 is always assumed to 140 
be non-negative to ensure that the tether is taut, so that the tether is always in tension.  141 
The Rayleigh dissipation function Ψ𝑙 for the tether’s elongational motion is as follows. 142 
 Ψ𝑙 = (𝑐𝑑𝑙
2̇)/2 (6) 
where 𝑐𝑑 is the damping coefficient and so Ψ𝑙 is the power harvested during the forced motion. 143 
Again, it will be assumed that, for example, an array of piezoelectric elements close to the base 144 
of the tether at the lunar surface can be used to dampen the elongational  forcing of the tether and 145 
so generate electrical power. The device is modelled simply by using the Rayleigh dissipation 146 
function in Eq. (6). 147 
One can substitute Eqs. (4-6) into the following Lagrange equation to establish the dynamics 148 
of the space tether system using 149 
 𝑑
𝑑𝑡
(
𝜕𝐿
𝜕?̇?𝑛
) −
𝜕𝐿
𝜕𝒒𝑛
− 𝑸𝑑 = 𝟎 
(7) 
where 𝐿 = 𝑇𝑆 − 𝑈𝑔 − 𝑈𝑒 , is the Lagrangian of the system, 𝒒𝑛 = [𝑙, 𝛼]
𝑇 , ?̇?𝑛 = [𝑙,̇ ?̇?]
𝑇
 and 150 
𝑸𝑑 = −[𝜕Ψ𝑙/𝜕𝑙,̇ 0]
𝑇
= [−𝑐𝑑𝑙,̇ 0]
𝑇
 are the generalized displacements, velocities and damping 151 
forces respectively. The full nonlinear dynamics for the elongation and oscillation, or 𝑙 and 𝛼 152 
degree of freedoms, are found to be. 153 
 
𝑙 ̈ +
𝑐𝑑
𝑚
𝑙̇ +
𝑘
𝑚
(𝑙 − 𝑙0) − 𝑙?̇?
2 +
𝜇𝑚
𝑙2
+
𝜇𝑒(𝑙 + 𝑟𝑐𝑜𝑠𝛼)
(𝑟2 + 𝑙2 + 2𝑙𝑟𝑐𝑜𝑠𝛼)3/2
 
−𝑙?̇?2 − 2𝑙?̇??̇? − 𝜇1𝑟?̇?
2𝑐𝑜𝑠𝛼 + 𝜇1𝑟?̈?𝑠𝑖𝑛𝛼 + 2𝜇1?̇??̇?𝑠𝑖𝑛𝛼 + 𝜇1?̈?𝑐𝑜𝑠𝛼 = 0 
(8) 
 
𝑙?̈? + 2𝑙?̇̇? − 𝜇1?̇??̇?𝑐𝑜𝑠𝛼 − 𝜇1𝑟?̇??̇?𝑠𝑖𝑛𝛼 −
𝜇𝑒𝑟𝑠𝑖𝑛𝛼
(𝑟2 + 2𝑙𝑟𝑐𝑜𝑠𝛼 + 𝑙2)3/2
 
+𝜇1𝑟?̇?
2𝑠𝑖𝑛𝛼 + 𝜇1𝑟?̈?𝑐𝑜𝑠𝛼 + 2𝜇1?̇??̇?𝑐𝑜𝑠𝛼 − 𝜇1?̈?𝑠𝑖𝑛𝛼 + 2𝑙?̇̇? + 𝑙?̈? = 0 
(9) 
  
One can analyze each term in the preceding two equations, e.g. the second and third terms of 154 
Eq. (8) correspond to damping and elastic accelerations. It is noteworthy that the coupled 155 
libration and elongation dynamics form a gyroscopic system as the problem is established in the 156 
rotating frame, and so the Coriolis acceleration is introduced naturally through the terms  2𝑙?̇??̇? 157 
and 2𝑙?̇̇? in Eqs. (8-9).  158 
However, it is not convenient to use the preceding dimensional dynamics to analyze the 159 
problem. The instantaneous distance between the Moon and Earth, denoted as r, the total mass 160 
M=me+mm and reciprocal of the mean motion of the Earth and Moon are taken as the units of 161 
distance, mass, and time respectively. In addition, to simplify the analysis, the true anomaly θ is 162 
used as the independent variable instead of time t [28, 29]. The non-dimensional, non-linear 163 
coupled dynamics corresponding to the preceding dimensional dynamics can then be obtained as 164 
follows. 165 
𝑑2𝜉
𝑑𝜃2
+
2𝜂𝜛 (𝜉′ +
𝜉𝑒𝑠𝑖𝑛𝜃
1 + 𝑒𝑐𝑜𝑠𝜃
)
(1 + 𝑒𝑐𝑜𝑠𝜃)2
− 𝜉(𝛼′)
2
− 2𝜉𝛼′ +
𝜇
1
(𝜉 + 𝑐𝑜𝑠𝛼)
(1 + 𝑒𝑐𝑜𝑠𝜃)(1 + 𝜉2 + 2𝜉𝑐𝑜𝑠𝛼)
3
2
+
𝜛2(𝜉 − 𝜉
0
)
(1 + 𝑒𝑐𝑜𝑠𝜃)4
−
𝜇
1
𝑐𝑜𝑠𝛼
1 + 𝑒𝑐𝑜𝑠𝜃
−
𝜉
1 + 𝑒𝑐𝑜𝑠𝜃
+
𝜇
𝜉2(1 + 𝑒𝑐𝑜𝑠𝜃)
= 0 
(10) 
𝜉𝛼′′ + 2(𝛼′ + 1)𝜉′ −
𝜇1𝑠𝑖𝑛𝛼
(1 + 𝑒𝑐𝑜𝑠𝜃)(1 + 2𝜉𝑐𝑜𝑠𝛼 + 𝜉2)
3
2
+ 𝜇1𝑠𝑖𝑛𝛼 − 𝜇1𝛼
′𝑠𝑖𝑛𝛼 −
𝜇1𝛼
′𝑒𝑠𝑖𝑛𝜃𝑐𝑜𝑠𝛼
(1 + 𝑒𝑐𝑜𝑠𝜃)
−
𝜇1𝑒𝑐𝑜𝑠𝜃𝑠𝑖𝑛𝛼
(1 + 𝑒𝑐𝑜𝑠𝜃)
= 0 
(11) 
In the preceding equations, 𝜉 = 𝑙/𝑟 is the dimensionless length of the tether and so 𝜉0 =166 
𝑙0(1+𝑒𝑐𝑜𝑠𝜃)
𝑎(1−𝑒2)
= (𝜁 + 𝜁𝑒𝑐𝑜𝑠𝜃) is the dimensionless natural length of the tether with 𝜁 =
𝑙0
𝑎(1−𝑒2)
. It 167 
can be seen that the dimensionless natural length of the tether 𝜉0 is time-varying as the time-168 
varying instantaneous distance r is used as the unit of length but l0 is a time-invariant 169 
dimensional natural length. Some definitions are introduced to simplify these expressions such as 170 
𝜔𝑛 = √𝑘/𝑚, 𝜂 = 𝑐𝑑/(2𝑚𝜔𝑛) , 𝜔𝑢 = √𝜇𝑎/𝑝3  and 𝜛 = 𝜔𝑛/𝜔𝑢 . It is evident that 𝜔𝑛  is the 171 
natural frequency of the tether system, similar to a mass-spring system. Moreover, 𝜂  is the 172 
damping ratio, 𝜔𝑢  is related to the mean angular rate of the Earth-Moon system,  𝜛  is a 173 
dimensionless angular rate used to describe the elasticity of the tether and  𝑝  is the semi-latus 174 
  
rectum which can be expressed as 𝑝 = 𝑎(1 − 𝑒2). The prime now represents a derivative with 175 
respect to θ and 𝜇𝑎 = 𝜇𝑚 + 𝜇𝑒 is the summation of 𝜇𝑚 and 𝜇𝑒.  176 
The equations can be simplified as follows by taking 𝑒 as small (neglect O(𝑒2) terms) and θ 177 
related terms as excitations so that. 178 
 
𝜉′′ + 2𝜂𝜛𝜉′ + (𝜛2 − 1)𝜉 − 𝜉(𝛼′)2 − 2𝜉𝛼′ +
𝜇
𝜉2
+
𝜇1(𝜉 + 𝑐𝑜𝑠𝛼)
(1 + 𝜉2 + 2𝜉𝑐𝑜𝑠𝛼)3/2
− 𝜇1𝑐𝑜𝑠𝛼 − 𝜛
2𝜁
= 𝜛2𝜁𝑒𝑐𝑜𝑠𝜃 + 4𝜛2𝜉𝑒𝑐𝑜𝑠𝜃 − 4𝜁𝜛2𝑒𝑐𝑜𝑠𝜃 − 2𝜂𝜛𝜉𝑒𝑠𝑖𝑛𝜃 + 4𝜂𝜛𝜉′𝑒𝑐𝑜𝑠𝜃
+
𝜇1(𝜉 + 𝑐𝑜𝑠𝛼)𝑒𝑐𝑜𝑠𝜃
(1 + 𝜉2 + 2𝜉𝑐𝑜𝑠𝛼)3/2
− 𝜉𝑒𝑐𝑜𝑠𝜃 +
𝜇𝑒𝑐𝑜𝑠𝜃
𝜉2
− 𝜇1𝑒𝑐𝑜𝑠𝜃𝑐𝑜𝑠𝛼 
 
(12) 
 
𝜉𝛼′′ − 𝜇1𝛼
′𝑠𝑖𝑛𝛼 + 2(𝛼′ + 1)𝜉′ −
𝜇1𝑠𝑖𝑛𝛼
(1 + 2𝜉𝑐𝑜𝑠𝛼 + 𝜉2)3/2
+ 𝜇1𝑠𝑖𝑛𝛼
= 𝜇1𝛼
′𝑒𝑠𝑖𝑛𝜃𝑐𝑜𝑠𝛼 + 𝜇1𝑒𝑐𝑜𝑠𝜃𝑠𝑖𝑛𝛼 −
𝜇1𝑒𝑐𝑜𝑠𝜃𝑠𝑖𝑛𝛼
(1 + 2𝜉𝑐𝑜𝑠𝛼 + 𝜉2)3/2
 
 
 
(13) 
3.2 The equilibria and some simplifications 179 
One can regard the eccentricity related terms in Eqs. (12, 13) as small perturbations since e is 180 
small. Then, equilibria can be calculated by taking e=0 in Eqs. (12, 13) as follows. 181 
 
−𝜉 − 𝜇1𝑐𝑜𝑠𝛼 +
𝜇
𝜉2
+
𝜇1(𝜉 + 𝑐𝑜𝑠𝛼)
(1 + 𝜉2 + 2𝜉𝑐𝑜𝑠𝛼)3/2
+ 𝜛2𝜉 − 𝜛2𝜁 = 0 
(14) 
 
𝜇1𝑠𝑖𝑛𝛼 −
𝜇1𝑠𝑖𝑛𝛼
(1 + 2𝜉𝑐𝑜𝑠𝛼 + 𝜉2)3/2
= 0 
(15) 
One can calculate the five natural Lagrange points by taking 𝜛 = 0 in the preceding two 182 
equations. These Lagrange points are shown in Fig. 2. 183 
  
 184 
Fig. 2 The natural Lagrange points without considering the effect of an elastic tether. 185 
It is well known that the collinear Lagrange points L1, 2, 3 and the triangle Lagrange points L4, 5 186 
as shown in Fig. 2, are unstable and stable respectively.  187 
In principle, one will prefer to operate the tether system at the far side (i.e., the L2 side) of the 188 
Moon as the largest elongated length of the tether can in principle be greater than the Earth-189 
Moon distance, compared to a tether system operating on L1 side of the Moon. In this paper, the 190 
collinear equilibrium point at L2 is of interest and therefore α=0. Therefore one can arrive at the 191 
following equilibrium condition whereby. 192 
 −𝜇1 − 𝜉𝑒 +
𝜇
𝜉𝑒2
+
𝜇1
(𝜉𝑒 + 1)2
+ 𝜛2(𝜉𝑒 − 𝜁) = 0 
(16) 
where 𝜉𝑒 is the equilibrium at the L2 side of the Moon, determined by 𝜛 and 𝜁 along with 𝜇1 and 193 
𝜇. Then, 𝜉𝑒 can be numerically determined as long as 𝜛 and 𝜁 are defined for a tether system 194 
within the Earth-Moon system. Morover, 𝜁 can be further written as  
𝑛𝑑
𝑝
 with 𝑝 = 𝑎(1 − 𝑒2) and 195 
𝑑 ≈ 6.485 × 107 m  representing the semi-latus rectum and distance from the Moon to the 196 
natural L2 point respectively (see Fig. 1). In this paper, the natural length of the tether 𝑙0 is 197 
expressed as 𝑛𝑑 and 𝑛 is then introduced to describe 𝑙0, where n=1 corresponds to the tether tip 198 
mass located at L2.  The relationship between 𝜉𝑒, 𝜛 and n is shown in Fig. 3 (a) numerically, 199 
based on Eq. (16) and the subsequent discussion. In the analysis the natural length n of the tether 200 
should be larger than the distance between the Moon and natural L2 point, meanwhile, smaller 201 
  
than 2 to save material and ensure that the solar gravitational perturbation is not large. The 202 
elastic coefficient of the tether should be selected to ensure the tip mass is not over far from the 203 
Moon. In conclusion, 𝑛 ∈ [1.1,2] and 𝜛 ∈ [1.1,3.5] are chosen as preliminary parameter ranges.  204 
 205 
Fig. 3 (a) The equilibria determined by 𝝕 and n; (b) undamped natural frequencies. 206 
The equilibria 𝜉𝑒  obtained for each combination of 𝜛  and 𝑛  will be used as reference 207 
positions for the analysis in the subsequent section. It is then straightforward to obtain the 208 
dimensional natural length of the tether 𝑙0 and equilibria 𝜉𝑒 as 𝑛𝑑 and 𝜉𝑒𝑎 respectively. One can 209 
also obtain the expression for the dimensional elasticity of the tether 𝑘  as 𝑘 = 𝑚𝜛2
𝜇𝑎
𝑎3
 by 210 
considering the discussion below Eq. (11). Therefore, the relationships between the dimensional 211 
and non-dimensional physical variables can be found from Fig. 3(a).  212 
To perform a perturbation analysis for the nonlinear coupled dynamics with weak nonlinearity, 213 
one should introduce small but finite variables in Eqs. (12, 13) instead of 𝜉 and α if necessary. In 214 
particular, a small but finite quantity 𝑥 = 𝛿/𝜉𝑒 = (𝜉 − 𝜉𝑒)/𝜉𝑒  is introduced as the fractional 215 
elongation of the tether in this paper. It is also assumed that α is a small but finite quantity. One 216 
can take x and α as two new independent variables. The following coupled nonlinear governing 217 
equations can then be obtained by substituting 𝑥, 𝑥′  and 𝑥′′  into Eqs. (12-13) and by taking 218 
𝑥, 𝑥′, 𝛼, 𝛼′ and e as small quantities and neglecting the higher order terms so that. 219 
𝑥′′ + 𝜔𝑥
2𝑥 − 2𝛼′ + 2𝜂𝜛𝑥′ − (𝛼′)2 − 2𝑥𝛼′ + 𝐶𝑥1𝑥
2 + 𝐶𝑥2𝛼
2 + 𝑒[𝐶𝑥3𝑐𝑜𝑠𝜃 + 2𝜂𝜛𝑠𝑖𝑛𝜃]
+ 𝑒[𝐶𝑥4𝑥𝑐𝑜𝑠𝜃 − 4𝜂𝜛𝑥
′𝑐𝑜𝑠𝜃 + 2𝜂𝜛𝑥𝑠𝑖𝑛𝜃] = 0 
(17) 
𝛼′′ + 𝜔𝛼
2𝛼 + 2𝑥′ − 𝜇1𝜉𝑒
−1𝛼𝛼′ + 2𝛼′𝑥′ − 2𝑥𝑥′ + 𝐶𝛼1𝛼𝑥 + 𝑒[𝐶𝛼2𝛼𝑐𝑜𝑠𝜃 − 𝜇1𝜉𝑒
−1𝛼′𝑠𝑖𝑛𝜃] = 0        (18) 
with 220 
𝜔𝑥
2 = 𝜛2 − 1 − 2𝜇𝜉𝑒
−3 − 2𝜇1(1 + 𝜉𝑒)
−3, 𝐶𝑥1 = 3𝜇𝜉𝑒
−3 + 3𝜇1𝜉𝑒(1 + 𝜉𝑒)
−4, 
  
𝐶𝑥2 = (𝜇1𝜉𝑒
−1)/2 + [1.53𝜇1(1 + 𝜉𝑒)
−4]/2 − [𝜇1𝜉𝑒
−1(1 + 𝜉𝑒)
−3]/2, 
𝐶𝑥3 = 1 + 𝜇1𝜉𝑒
−1 − 𝜇𝜉𝑒
−3 − 𝜇1(1 + 𝜉𝑒)
−2𝜉𝑒
−1 − 𝜛2𝜉𝑒
−1𝜁 − 4𝜛2𝜉𝑒
−1(𝜉𝑒 − 𝜁), 
𝐶𝑥4 = 1 + 2𝜇𝜉𝑒
−3 + 2𝜇1(1 + 𝜉𝑒)
−3 − 4𝜛2, 𝜔𝛼
2 = 𝜇1𝜉𝑒
−1 − 𝜇1𝜉𝑒
−1(1 + 𝜉𝑒)
−3, 
𝐶𝛼1 = 𝜇1𝜉𝑒
−1(1 + 𝜉𝑒)
−3 + 3𝜇1(1 + 𝜉𝑒)
−4 − 𝜇1𝜉𝑒
−1, 𝐶𝛼2 = 𝜇1𝜉𝑒
−1(1 + 𝜉𝑒)
−3 − 𝜇1𝜉𝑒
−1                 (19) 
One can see that all coefficients 𝜔𝑥
2, 𝜔𝛼
2, 𝐶𝑥𝑖(1, ⋯ ,4) 𝑎𝑛𝑑 𝐶𝛼𝑗(𝑗 = 1, 2)  are determined by 221 
𝜛 𝑎𝑛𝑑 𝜁  in Eq. (19). This indicates that the natural length and elasticity of the tether will 222 
strongly influence the dynamics of the tether system within the Earth-Moon system. 223 
An approximate analytical analysis of Eqs. (17, 18) will now be performed and the method of 224 
multiple scales analysis used [30-31]. We rescale 𝑥, 𝛼 and e as 𝑥 ⟷ 𝜀𝑥, 𝛼 ⟷ 𝜀𝛼, 𝑒 ⟷ 𝜀𝑒 with ε 225 
denoting a book-keeping device in the subsequent multiscale analysis. Here ε is merely used to 226 
order all the parameters and variables in the perturbation analysis. Then, Eqs. (17, 18) can be 227 
further simplified as follows. 228 
𝑥′′ + 𝜔𝑥
2𝑥 − 2𝛼′ + 2𝜂𝜛𝑥′ + 𝑒[𝐶𝑥3𝑐𝑜𝑠𝜃 + 2𝜂𝜛𝑠𝑖𝑛𝜃]
+ 𝜀[−(𝛼′)2 − 2𝑥𝛼′ + 𝐶𝑥1𝑥
2 + 𝐶𝑥2𝛼
2 + 𝑒𝐶𝑥4𝑥𝑐𝑜𝑠𝜃 − 4𝑒𝜂𝜛𝑥
′𝑐𝑜𝑠𝜃 + 2𝑒𝜂𝜛𝑥𝑠𝑖𝑛𝜃] = 0 
(20) 
𝛼′′ + 𝜔𝛼
2𝛼 + 2𝑥′ + 𝜀[−𝜇1𝜉𝑒
−1𝛼𝛼′ + 2𝛼′𝑥′ − 2𝑥𝑥′ + 𝐶𝛼1𝛼𝑥 + 𝑒𝐶𝛼2𝛼𝑐𝑜𝑠𝜃 − 𝑒𝜇1𝜉𝑒
−1𝛼′𝑠𝑖𝑛𝜃] = 0   (21) 
Now that the underlying dynamics have been detailed the approximate analytic solution to the 229 
problem will be sought using the method of multiple scales. 230 
4.  Nonlinear analysis 231 
One now assumes that the solutions to Eqs. (20, 21) can be expressed as follows. 232 
 𝑥(𝜃, 𝜀) = 𝑥0(𝜃0, 𝜃1) + 𝜀𝑥1(𝜃0, 𝜃1) + ⋯  (𝑎), 𝛼(𝜃, 𝜀) = 𝛼0(𝜃0, 𝜃1) + 𝜀𝛼1(𝜃0, 𝜃1) + ⋯  (𝑏) (22) 
and the related derivatives are therefore given by 233 
 
𝑥′ =
d𝑥
d𝜃
=
𝜕𝑥0
𝜕𝜃0
+ 𝜀
𝜕𝑥0
𝜕𝜃1
+ 𝜀
𝜕𝑥1
𝜕𝜃0
, 𝛼′ =
d𝛼
d𝜃
=
𝜕𝛼0
𝜕𝜃0
+ 𝜀
𝜕𝛼0
𝜕𝜃1
+ 𝜀
𝜕𝛼1
𝜕𝜃0
 
(23) 
 
𝑥′′ =
d2𝑥
d𝜃2
=
𝜕2𝑥0
𝜕𝜃0
2 + 2𝜀
𝜕2𝑥0
𝜕𝜃1𝜕𝜃0
+ 𝜀
𝜕2𝑥1
𝜕𝜃0
2 , 𝛼
′′ =
d2𝛼
d𝜃2
=
𝜕2𝛼0
𝜕𝜃0
2 + 2𝜀
𝜕2𝛼0
𝜕𝜃1𝜕𝜃0
+ 𝜀
𝜕2𝛼1
𝜕𝜃0
2  
(24) 
where 𝜃0 = 𝜃, 𝜃1 = 𝜀𝜃. One can note that in Eqs. (22-24) the terms 𝑂(𝜀
2) are now neglected. 234 
Substituting Eqs. (22-24) into Eqs. (20, 21) and equating the coefficients of 𝜀0, 𝜀 on both sides, 235 
we obtain 236 
𝜀0 terms: 237 
 𝜕2𝑥0
𝜕𝜃0
2 + 𝜔𝑥
2𝑥0 − 2
𝜕𝛼0
𝜕𝜃0
+ 2𝜂𝜛
𝜕𝑥0
𝜕𝜃0
= −𝑒[𝐶𝑥3𝑐𝑜𝑠𝜃 + 2𝜂𝜛𝑠𝑖𝑛𝜃] 
(25𝑎) 
  
 𝜕2𝛼0
𝜕𝜃0
2 + 𝜔𝛼
2𝛼0 + 2
𝜕𝑥0
𝜕𝜃0
= 0 
(25𝑏) 
𝜀1 terms: 238 
𝜕2𝑥1
𝜕𝜃0
2 + 𝜔𝑥
2𝑥1 + 2𝜂𝜛
𝜕𝑥1
𝜕𝜃0
− 2
𝜕𝛼1
𝜕𝜃0
= −2
𝜕2𝑥0
𝜕𝜃1𝜕𝜃0
+ 2
𝜕𝛼0
𝜕𝜃1
− 2𝜂𝜛
𝜕𝑥0
𝜕𝜃1
+ (
𝜕𝛼0
𝜕𝜃0
)
2
+ 2𝑥0
𝜕𝛼0
𝜕𝜃0
− 𝐶𝑥1𝑥0
2 − 𝐶𝑥2𝛼0
2 − 𝑒𝐶𝑥4𝑥0𝑐𝑜𝑠𝜃
+ 4𝑒𝜂𝜛
𝜕𝑥0
𝜕𝜃0
𝑐𝑜𝑠𝜃 − 2𝑒𝜂𝜛𝑥0𝑠𝑖𝑛𝜃 
(26𝑎) 
𝜕2𝛼1
𝜕𝜃0
2 + 𝜔𝛼
2𝛼1 + 2
𝜕𝑥1
𝜕𝜃0
= −2
𝜕2𝛼0
𝜕𝜃1𝜕𝜃0
− 2
𝜕𝑥0
𝜕𝜃1
+ 𝜇1𝜉𝑒
−1𝛼0
𝜕𝛼0
𝜕𝜃0
− 2
𝜕𝛼0
𝜕𝜃0
𝜕𝑥0
𝜕𝜃0
+ 2𝑥0
𝜕𝑥0
𝜕𝜃0
− 𝐶𝛼1𝛼0𝑥0 − 𝑒𝐶𝛼2𝛼0𝑐𝑜𝑠𝜃
+ 𝑒𝜇1𝜉𝑒
−1
𝜕𝛼0
𝜕𝜃0
𝑠𝑖𝑛𝜃 
(26𝑏) 
The natural frequencies corresponding to undamped free vibration are obtained as follows by 239 
taking η and e equal to 0 in Eq. (25) so that. 240 
 
Γ = √
𝑐0 − √𝑐0
2 − 4𝑐1
2
, Θ = √
𝑐0 + √𝑐0
2 − 4𝑐1
2
 
 
(27) 
with 𝑐0 and c1 as 𝑐0 = 𝜔𝛼
2 + 𝜔𝑥
2 + 4, 𝑐1 = 𝜔𝑥
2𝜔𝛼
2. It is evident that Γ and Θ are the undamped 241 
natural frequencies of the gyroscopic system. The dependence of Γ and Θ on the natural length 242 
and elasticity of the tether can be seen in Eq. (19) and Eq. (27) and illustrated in Fig. 3(b).  243 
We now illustrate how Γ and Θ vary with 𝜛 and n in Fig. 3(b). In this paper, we select η 244 
larger than 1 to ensure that the space tether is in tension at all times for successful operations. On 245 
the contrary, the tether will lose tension and rotate when η is small. The solutions to Eq. (25) can 246 
then be presented as follows. 247 
𝑥0 = 𝐾1(𝜃1)𝑒
(−𝜆1𝑅+i𝜆1𝐼)𝜃0 + [𝐶3(𝜃1)𝑒
−𝜆3𝑅𝜃0]/2 + [𝐶4(𝜃1)𝑒
−𝜆4𝑅𝜃0]/2+𝑎𝑒i𝜃 + 𝐾1(𝜃1)𝑒
(−𝜆1𝑅−i𝜆1𝐼)𝜃0
+ [𝐶3(𝜃1)𝑒
−𝜆3𝑅𝜃0]/2 + [𝐶4(𝜃1)𝑒
−𝜆4𝑅𝜃0]/2+?̅?𝑒−i𝜃 
(28𝑎) 
𝛼0 = 𝑝1𝐾1(𝜃1)𝑒
(−𝜆1𝑅+i𝜆1𝐼)𝜃0 + [𝑝2𝐶3(𝜃1)𝑒
−𝜆3𝑅𝜃0]/2 + [𝑝3𝐶4(𝜃1)𝑒
−𝜆4𝑅𝜃0]/2+𝑏𝑒i𝜃 + ?̅?1𝐾1(𝜃1)𝑒
(−𝜆1𝑅−i𝜆1𝐼)𝜃0
+ [𝑝2𝐶3(𝜃1)𝑒
−𝜆3𝑅𝜃0]/2 + [𝑝3𝐶4(𝜃1)𝑒
−𝜆4𝑅𝜃0]/2+?̅?𝑒−i𝜃 
(28𝑏) 
  
where the complex function  𝐾1(𝜃1) is a function of 𝜃1, i is the unit pure imaginary number, 𝐶3 248 
and 𝐶4 are real and the overhead bar represents the conjugate of a complex term. Then  −𝜆1𝑅 +249 
i𝜆1𝐼, −𝜆3𝑅 and −𝜆4𝑅 are the roots of the characteristic equations of Eq. (25). Moreover, 𝑝1−3 and 250 
a, b are presented as follows. 251 
𝑝1 = −𝜔𝛼
−2[(−𝜆1𝑅 + i𝜆1𝐼)
3 + 2𝜂𝜛(−𝜆1𝑅 + i𝜆1𝐼)
2 + (𝜔𝑥
2 + 4)(−𝜆1𝑅 + i𝜆1𝐼)]/2, 
𝑝2 = −𝜔𝛼
−2[(−𝜆3𝑅)
3 + 2𝜂𝜛(−𝜆3𝑅)
2 + (𝜔𝑥
2 + 4)(−𝜆3𝑅)]/2, 
𝑝3 = −𝜔𝛼
−2[(−𝜆4𝑅)
3 + 2𝜂𝜛(−𝜆4𝑅)
2 + (𝜔𝑥
2 + 4)(−𝜆4𝑅)]/2 
𝑎 =
[−(𝑒𝐶𝑥3)/2 + 𝑒𝜂𝜛i](𝜔𝛼
2 − 1)
(𝜔𝛼2 − 1)(𝜔𝑥2 − 1) + 2𝜂𝜛i(𝜔𝛼2 − 1) − 4
, 𝑏 =
(i𝑒𝐶𝑥3 + 2𝑒𝜂𝜛)
(𝜔𝛼2 − 1)(𝜔𝑥2 − 1) + 2𝜂𝜛i(𝜔𝛼2 − 1) − 4
 
The solution to Eq. (25) consists of a transient damped general solution corresponding to the 252 
first three terms in Eq. (28), with the steady-state particular solution corresponding to the fourth 253 
term in Eq. (28). By analyzing Eq. (28), it can be seen that the resonance region is near 𝜆1𝐼 = 1 254 
as the single-frequency external force is a function of 𝑒 i𝜃 (where the frequency is unity). 255 
We substitute the steady part of 𝑥0 and 𝛼0 into the second-order equations, i.e., Eq. (26), to 256 
obtain particular solutions without damped, transient solution as follows. 257 
 𝜕2𝑥1
𝜕𝜃0
2 + 𝜔𝑥
2𝑥1 + 2𝜂𝜛
𝜕𝑥1
𝜕𝜃0
− 2
𝜕𝛼1
𝜕𝜃0
= Ξ1𝑒
2i𝜃0 + Ξ2 + Ξ̅1𝑒
−2i𝜃0 + Ξ̅2  
(29𝑎) 
 𝜕2𝛼1
𝜕𝜃0
2 + 𝜔𝛼
2𝛼1 + 2
𝜕𝑥1
𝜕𝜃0
= Ξ3𝑒
2i𝜃0 + Ξ4 + Ξ̅3𝑒
−2i𝜃0 + Ξ̅4 
(29𝑏) 
where the constants Ξ1,…,4 are defined as 258 
Ξ1 = (−2𝑏
2 + 4i𝑎𝑏 + 4i𝑏𝑒𝜂𝜛 − 2𝑎2𝐶x1 − 2𝑏
2𝐶x2 + 2i𝑎𝑒𝜂𝜛 − 𝑎𝑒𝐶x4)/2, 
Ξ2 = (2𝑏?̅? + 4i𝑏?̅? + 4i𝑏𝑒𝜂𝜛 − 2𝑎?̅?𝐶x1 − 2𝑏?̅?𝐶x2 − 2i𝑎𝑒𝜂𝜛 − 𝑎𝑒𝐶x4)/2, 
Ξ3 = (+4𝑎𝑏 − 2𝑎𝑏𝐶α1 − 𝑏𝑒𝐶α2 + 2i𝜉𝑒
−1𝑏2𝜇1 + 𝜉𝑒
−1𝑏𝑒𝜇1 + 4i𝑎
2)/2, 
Ξ4 = (−4𝑏?̅? − 2𝑏?̅?𝐶α1 − 𝑏𝑒𝐶α2 − 𝜉𝑒
−1𝑏𝑒𝜇1)/2                                                           (30) 
One can arrive at the particular solutions to Eq. (29) as follows. 259 
 𝑥1 = Ζ1𝑒
2i𝜃0 + Ζ2 + Ζ̅1𝑒
−2i𝜃0 + Ζ̅2  (𝑎), 𝛼1 = Ζ3𝑒
2i𝜃0 + Ζ4 + Ζ̅3𝑒
−2i𝜃0 + Ζ̅4  (𝑏)  (31) 
where Ζ1, Ζ2, Ζ3 and Ζ4 are given as 260 
Ζ1 =
(𝜔𝛼
2 − 4)Ξ1 + 4iΞ3
[(𝜔𝛼2 − 4)(−4 + 𝜔𝑥2 + 4i𝜂𝜛) − 16]
, Ζ2 = 𝜔𝑥
−2Ξ2, Ζ3 = 𝜔𝛼
−2Ξ4, Ζ4 =
Ξ3(−4 + 𝜔𝑥
2 + 4i𝜂𝜛) − 4iΞ1
[(𝜔𝛼2 − 4)(−4 + 𝜔𝑥2 + 4i𝜂𝜛) − 16]
 
(32) 
One can then obtain the full solution to x as follows by substituting Eqs. (28a, 31a) into Eq. 261 
(22a).  262 
𝑥 = 𝑥0 + 𝜀𝑥1 = 𝑎𝑒
i𝜃 + Ζ1𝑒
2i𝜃 + Ζ2 + ?̅?𝑒
−i𝜃 + Ζ̅1𝑒
−2i𝜃 + Ζ̅2  (33) 
  
One can arrive at the expression for l as follows by considering 𝑥 = 𝛿/𝜉𝑒 = (𝜉 − 𝜉𝑒)/𝜉𝑒 and 263 
𝜉 =
𝑙
𝑟
. 264 
𝑙 = 𝑟𝜉 = (𝑥 + 1)𝜉𝑒𝑟 = (𝑥 + 1)𝜉𝑒
𝑎(1 − 𝑒2)
1 + 𝑒𝑐𝑜𝑠𝜃
 
(34) 
The expression for dl/dt is then written as 265 
𝑙 ̇ = 𝑟
𝑑𝜉
𝑑𝑡
+ 𝜉
𝑑𝑟
𝑑𝑡
=
𝑎(1 − 𝑒2)
1 + 𝑒𝑐𝑜𝑠𝜃
𝜉𝑒
𝑑𝑥
𝑑𝜃
𝑑𝜃
𝑑𝑡
+ (𝑥 + 1)𝜉𝑒√
𝜇𝑎
𝑝
𝑒𝑠𝑖𝑛𝜃
=
𝑎(1 − 𝑒2)
1 + 𝑒𝑐𝑜𝑠𝜃
𝜉𝑒
𝑑𝑥
𝑑𝜃
√
𝜇𝑎
𝑝3
(1 + 𝑒𝑐𝑜𝑠𝜃)2 + (𝑥 + 1)𝜉𝑒√
𝜇𝑎
𝑝
𝑒𝑠𝑖𝑛𝜃
=
𝑎(1 − 𝑒2)
1 + 𝑒𝑐𝑜𝑠𝜃
𝜉𝑒(−2𝑎𝑠𝑖𝑛𝜃 − 4Ζ1𝑠𝑖𝑛2𝜃)√
𝜇𝑎
𝑝3
(1 + 𝑒𝑐𝑜𝑠𝜃)2 + (𝑥 + 1)𝜉𝑒√
𝜇𝑎
𝑝
𝑒𝑠𝑖𝑛𝜃 
(35) 
Finally, one can write the approximate analytical solution to power output as follows. 266 
 
Ψ𝑙 =
(𝑐𝑑𝑙
2̇)
2
= 𝜂√𝑘𝑚 [
𝑎(1 − 𝑒2)
1 + 𝑒𝑐𝑜𝑠𝜃
𝜉𝑒(−2𝑎𝑠𝑖𝑛𝜃 − 4Ζ1𝑠𝑖𝑛2𝜃)√
𝜇𝑎
𝑝3
(1 + 𝑒𝑐𝑜𝑠𝜃)2 + (𝑥 + 1)𝜉𝑒√
𝜇𝑎
𝑝
𝑒𝑠𝑖𝑛𝜃]
2
 
 
(36) 
One should note that the perturbation method (multiscale analysis) is valid and accurate for 267 
dynamics with weak nonlinearity, i.e., the nonlinear terms in Eqs. (17, 18) should be small 268 
compared to the linear terms. Otherwise, the perturbation method will be inaccurate. 269 
5.  Results 270 
There are three important parameters for the tether system, i.e., n, 𝜛 and η. Analytical and 271 
numerical results will therefore be presented for various sets of n, 𝜛  and η to explore the 272 
parameter space of the problem. It is known that the frequency of the damped system is 273 
determined by n, 𝜛 and η, while the frequency of the external forcing is simply unity (1) in this 274 
paper. Therefore, one should select n, 𝜛 and η to make the frequency of the damped system of 275 
order unity to utilize the resonance of the forced tether system to generate power, again through 276 
the simple Rayleigh dissipation model. First, n∈[1.1, 2], 𝜛∈[1.1, 2.5] and η∈[2, 4] are 277 
selected to illustrate the performance of the lunar tether based energy harvester. Next, the 278 
parameter range η will be expanded from for η∈[2, 4] to η∈[2, 7] to explore the optimal 279 
damping with largest power output. One can expect the maximisation of power output from the 280 
harvesting mechanism when the parameters (n, 𝜛 and η) of the nonlinear harvester are selected 281 
  
to design the system to be within the resonant region of the parameter space. All numerical 282 
values used are summarized in Table. 1.  283 
Table 1. Values for all parameters used in the analysis 284 
Parameters Values Parameters Values 
μ 
μ1 
m 
d 
a 
e 
p 
1/81.3 
80.3/81.3 
5×10
5
kg 
6.485×10
7
m 
3.84748×10
8
m 
0.0549006 
3.83588×10
8
m 
μe 
μm 
μa 
me 
mm 
M 
- 
3.986×10
14
km
3
/s
2
 
4.9028×10
12
km
3
/s
2
 
4.035×10
14
km
3
/s
2
 
5.965×10
24
kg 
7.349×10
22
kg 
6.03849×10
24
kg 
- 
In this paper, the approximate analytical solutions are pursued utilizing the multiscale analysis 285 
method. The numerical solutions are also presented to validate the analytical results. The ode45 286 
solver is used to perform the numerical calculations, based on an explicit Runge-Kutta (4,5) 287 
formula with the Dormand-Prince pair. In the solver, the maximal, minimal and initial step sizes 288 
are 5×10
-3
, 1×10
-5
 and 1×10
-5
 respectively. The relative and absolute tolerances are both 1×10
-5
. 289 
In this section, to demonstrate and discuss the results with clearer physical implications, we 290 
present the relations between the tether’s dimensionless natural length (n), elasticity (𝜛) and 291 
damping (η), and dimensional natural length (l0), elasticity (k) and damping (cd) respectively. i.e., 292 
l0=(nd)=6.485×10
7
n m, 𝑘 = 𝑚𝜛2
𝜇𝑎
𝑎3
= 3.54 × 10−6𝜛2  N/m and 𝑐𝑑 = 2𝑚√
𝜇𝑎
𝑎3
𝜛𝜂 ≈ 2.66𝜛𝜂 293 
N·s/m with d≈6.485×107 m, m=5×105 kg, 𝜇𝑎 = 𝜇𝑒 + 𝜇𝑚 = 4.04 × 10
14 m3s−2and a=3.84748294 
×108 m. It can be seen that the dimensional damping cd is determined by the dimensionless 295 
damping 𝜂 and elasticity 𝜛. 296 
First, the validation of the approximate analytical solution will be verified by presenting and 297 
comparing the energy harvesting results using both analytical and numerical calculations as 298 
follows. The corresponding resonance region boundaries and the peak power curves are also 299 
presented. The boundary for useful power generation is selected as 15 kW (shown as the red and 300 
blue contours in Fig. 4, with the peak power contour indicated in black) and the damping is 301 
selected as η=4 (the dimensional damping cd is 𝑐𝑑 = 10.6468𝜛  N·s/m, determined by the 302 
dimensionless elasticity 𝜛). There are no explicit reasons for selecting the boundary value 15 303 
kW, but it is used for ease of illustration. 304 
  
 305 
Fig. 4 Power output based on the analytical (a, a.1) and numerical (b, b.1) methods, the resonance regions are 306 
covered by the labelled curves. 307 
First, it can be seen that the analytical solution (see Eq. (36)) agrees well with the numerical 308 
solution (which can be obtained numerically using Eqs. (6, 8 and 9)) both quantitatively and 309 
qualitatively, except the conditions when both the dimensionless natural length and elasticity of 310 
the tether denoted as n and 𝜛 adopt large values (n approaches 2 and 𝜛 approaches 2.5, i.e., the 311 
top-right region indicated by a solid red box in Fig. 4(b.1). It can be seen that the dimensional 312 
natural length and elasticity denoted as l0 and k are 1.297×10
8
 m and 2.2125×10-5 N/m 313 
accordingly). Specifically, the actual resonance regions seem larger than those predicted by the 314 
analytical method, as can be seen from the results in Fig. 4(a.1) and (b.1). It is suggested that one 315 
should design the energy harvester with large resonance regions to ensure robustness. For 316 
example, a harvester with n=2 and 𝜛≈2 (the dimensional natural length, elasticity and damping 317 
are l0=1.297×10
8
 m, k=1.416×10-5 N/m and cd=21.29359259 N·s/m accordingly) will have 318 
good performance, as can be seen from Fig. 4(b.1) since the power output will be maximum as 319 
the system is resonant. Moreover, the power output is insensitive to n and 𝜛 near n=2 and 𝜛≈2. 320 
Again, the harvester has strong robustness to n and 𝜛. Some issues will arise when an over-long 321 
tether is used. One problem is that the cost will increase and the elastic tension within the tether 322 
will also increase (one can see this by observing the results in Fig. 6(a)). Moreover, perturbations 323 
by solar gravity will become significant. 324 
  
Again, λ1I is the imaginary part of the root of the characteristic equations of Eq. (25), and also 325 
the frequency of the damped oscillations as presented in Eq. (28). It is known that the system 326 
may be near resonance region when the frequency of the external load is near the damped 327 
frequency λ1I. However, this is merely accurate for predicting the resonance region of linear 328 
dynamical systems and so there will exist deviations for predicting resonance regions of 329 
nonlinear dynamical systems. To show and clarify this, some analysis will be presented as 330 
follows. 331 
Next, the points of peak power output obtained both numerically and analytically with η=4 332 
and 2 are shown in Fig. 5(a). Figs. 5(b-d) show the peak points along each parameter set 333 
individually to explore how the peak power points vary with 𝜛 and 𝑛. 334 
 335 
Fig. 5 (a) The peak points of power output for η=4  and 2; (b-d) the views from positive Ψ𝑙 , 𝜛 and n directions 336 
respectively 337 
It can be seen that the peak values for η=2 are smaller than those for η=4. Therefore, η=4 is 338 
adopted as an example of design of the tether system. Moreover, all peak points curves increase 339 
monotonically with n and 𝜛 as shown in Fig. 5(c-d). The power output predicted by the analytic 340 
solution is 21.48 kW when n=2 and 𝜛=1.836 (i.e., the dimensional natural length, elasticity and 341 
damping are l0=1.297×10
8
 m, k=1.193297184×10
-5
 N/m, and cd=19.5475 N·s/m accordingly), 342 
compared to the numerical solution which yields 19.63 kW when n=2 and 𝜛=1.963 (i.e., the 343 
dimensional natural length, elasticity and damping are l0=1.297×10
8
 m, k= 1.364092626×10
-5
 344 
  
N/m, and cd= 20.89966 N·s/m accordingly). Again, it is suggested that one should design a long 345 
tether, not only because the broad resonance region will ensure robustness as discussed 346 
previously, but also due to the increased power output. It is also found that λI1=1 (for both η=4 347 
and 2) is near the peak points (for both analytical and numerical results) when the natural length 348 
and elasticity are small, as shown in Fig. 5(b). However, deviations will appear when the natural 349 
length and elasticity become larger. One can find the peak points roughly near λI1=1 and this 350 
provides an estimation to locate resonance peak points for preliminary analysis, although the 351 
deviations become evident when both the natural length and elasticity become large. 352 
Next, the largest steady-state tension and elastic strain within the tether system are presented 353 
in Fig. 6, again shown together with the boundaries of the resonance region (red lines) and peak 354 
power curves (black lines) using numerical method as given in Fig. 6(a.1, b.1).  355 
  356 
Fig. 6 (a, a.1) The largest steady tensions and (b, b.1) elastic strains within the space tether. 357 
One can see that the largest steady-state tensions within the tether decrease and increase with 358 
𝜛  and n from Fig. 6(a, a.1) respectively. Therefore, the smallest and largest tensions, 359 
approximately 660 N and 2800 N, can be found at the bottom right and top left up in Fig. 6(a, 360 
a.1) respectively. For the tension, it is suggested that one should select both large n and 𝜛 to 361 
harvest at high power output, but with relatively low tension. Therefore, it appears that the top 362 
right resonance region is preferred. The power outputs are found to be 18.37 kW and 19.63 kW 363 
  
when n=2, 𝜛=1.963 and n=2, 𝜛=2.5 respectively (the dimensional natural length, elasticity and 364 
damping are l0=1.297×10
8
 m, k=1.364092626×10
-5
 N/m and cd= 20.89966 N·s/m, and 365 
l0=1.297×10
8
 m, k=2.2125×10
-5
 N/m and cd= 26.61699 N·s/m respectively accordingly). It 366 
appears that the tension reduction is not significant when we select n=2 and 𝜛=2.5 (tension is 367 
1676 N) instead of n=2 and 𝜛=1.963 (tension is 1996 N).  368 
Furthermore, it also appears that the strain decreases with both n and 𝜛 from Fig. 6(b.1). In 369 
fact, it increases with n when 𝜛 is large (e.g., when 𝜛=2.5), however, it appears that the strain is 370 
insensitive to changes in n and 𝜛 when 𝜛 is large (the right half of Fig. 6(b.1)). This implies that 371 
one can design an energy harvester with a high power output at the cost of increasing the tether 372 
strain. The strain approaches 1.119 at the largest power out (approximately 19.63 kW) when n=2, 373 
𝜛=1.963. If we select n=2, 𝜛=2.5, the power output decreases to be 18.37 kW and the strain 374 
becomes 0.5806. This means that we may decrease the strain significantly at the expense of 375 
harvesting at somewhat lower power, which seems attractive. Therefore, one should make a 376 
compromise when designing the space tether system. 377 
It has been clarified that the power output is determined by n, 𝜛 and η, i.e., the dimensionless 378 
natural length, elasticity and damping of the tether. One can imagine that there exists an optimal 379 
dimensionless damping η with certain values for n∈ [1.1, 2] and 𝜛∈ [1.5, 2.5] (the 380 
corresponding dimensional natural length and elasticity are l0∈[7.1335×10
7
 m, 1.297×108 m] 381 
and k∈[7.964×10-6 N/m, 2.2125×10-5 N/m]) to maximise the power output. To find the 382 
optimal η with certain values for 𝜛 and n, some numerical calculation results similar to those in 383 
Fig. 4(b) are presented in Fig. 7(a, b, c, d, e and f) for η=4.5, 5, 5.5, 6, 6.5 and 7 respectively. 384 
 385 
  
Fig. 7 (a-f). Power output based on the numerical method for η=4.5, 5, 5.5, 6, 6.5 and 7 respectively, the red 386 
diamonds correspond to the largest value 387 
One can find the largest power output for each η, together with the corresponding 𝜛 and n.  388 
Similarly, one can also define resonance regions in each figure. It is advisable to select n and 𝜛 389 
to ensure the space tether based energy harvester has some robustness. One could select n and 𝜛 390 
at each diamond to make the power output maximum as long as the parameters can be kept fixed, 391 
without considering the robustness issue. If this is the case, one could summarize the largest 392 
power outputs and the corresponding natural length, elasticity and damping in the preceding 393 
figure in Table. 2. 394 
Table 2. The largest power output for each damping and the corresponding natural length and elasticity of the 395 
tether 396 
η/cd(N·s/m) 𝜛/k(N/m) n/l0(m) Ψl (Watt) 
4/20.86772 
4.5/23.3564 
5/24.6207 
5.5/24.886886 
6/25.95 
6.5/27.68 
7/29.811 
1.96/1.36×10
-5
  
1.95/1.346085×10
-5
 
1.85/1.211565×10
-5
 
1.70/1.02306×10
-5
 
1.625/9.3478125×10
-6
 
1.6/9.0624×10
-6
 
1.6/9.0624×10
-6
 
2.00/1.297×10
8
 
2.00/1.297×10
8
 
1.80/1.1673×10
8
 
1.40/9.079×10
7
 
1.15/7.45775×10
7
 
1.1/7.1335×10
7
 
1.1/7.1335×10
7
 
19630 
20490 
20700 
20799 
20847 
20548 
19977 
It can be seen that the power output can be maximized (up to 20847 Watt) when η=6 is 397 
selected (the natural length and elasticity are 1.625 and 1.15 respectively), and the corresponding 398 
dimensional damping, elasticity and natural length are cd=25.95 N·s/m, k=9.3478125×10
-6
 N/m 399 
and l0=7.45775×10
7
 m respectively. It is interesting to note that the largest power output will 400 
move to smaller n and 𝜛 with the increment of η as observed in Table. 2. Compared to the 401 
results for η=4 with n=2 and 𝜛 =1.96 (i.e., cd=20.86772 N·s/m, k=1.36×10
-5
 N/m and 402 
l0=1.297×10
8
 m), one can harvest more power (20847 Watt) with a shorter tether (n=1.15 and 403 
l0=7.45775×10
7
 m). 404 
6.  Conclusion 405 
In this paper, energy harvesting analysis was performed for a massless viscoelastic tether 406 
connecting a tip mass to the Moon’s surface. The tether in-plane librational and elongational 407 
motion (merely a planar problem was addressed) was obtained from the coupled dynamics and 408 
equilibria found which were used as reference positions to analyze the problem. To operate a 409 
space tether system successfully (such that the tether should be kept in tension), a large damping 410 
coefficient was adopted. The method of multiple scales was used to present approximate analytic 411 
solutions to the nonlinear dynamics with weak nonlinearity, was found to be effective to enable 412 
  
analytic results which were supported by numerical integration. It was concluded that the 413 
resonance regions of the tether system will move to lower frequencies when larger damping and 414 
a smaller tether length and elastic coefficient were adopted. The resonance regions become large 415 
when both the natural length and elasticity of the tether are large. For the power output obtained, 416 
the results indicated that one should select the peak power point when the dimensionless natural 417 
length of the tether denoted as n is 2 (the corresponding dimensional length is 1.297×10
8
 m). It 418 
was also concluded that one could find resonance regions roughly around the frequency of the 419 
damped system equal to the frequency of the external forcing due to the eccentricity of the 420 
Moon’s orbit. It is suggested that one should design a tether-based lunar orbital energy harvester 421 
considering a compromise amongst cost, performance (including the power output and 422 
robustness of the harvester) and tension/strain when selecting the operating parameters. The 423 
optimal damping (η=6, cd=25.95 N·s/m) was determined numerically, together with the 424 
corresponding natural length (n=1.15, l0=7.45775×10
7
 m) and elasticity ( 𝜛 = 1.625 , 425 
k=9.3478125×10
-6
 N/m), for maximum power output (Ψl=20847 Watt).  It was also interesting to 426 
note that a relatively high power output was available with a relatively short tether compared to 427 
the cases with smaller damping detailed in Table. 2. 428 
In the future, one could focus on designing a space tether based energy harvester at L1 and 429 
compared to the results at L2 in this paper. Moreover, another interesting question is how to 430 
utilize nonlinear resonance to ascend a climber without consuming propulsions. Both will utilize 431 
gravitational tides to drive the system and make the system resonant. 432 
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Appendix 438 
In this appendix, the basic procedure for non-dimensionalisation is presented. The non-439 
dimensionalisation procedure for the first four terms in Eq. (8) is taken as an example. The 440 
following basic equations/expressions are used for performing the non-dimensionalisation. 441 
𝑟 =
𝑝
1 + 𝑒𝑐𝑜𝑠𝜃
, ?̇? = √
𝜇𝑎
𝑝
𝑒𝑠𝑖𝑛𝜃, ?̈? =
𝜇𝑎𝑒𝑐𝑜𝑠𝜃(1 + 𝑒𝑐𝑜𝑠𝜃)
2
𝑝2
; 
  
?̇? = √
𝜇𝑎
𝑝3
(1 + 𝑒𝑐𝑜𝑠𝜃)2, ?̈? = −
2𝜇𝑎𝑒𝑠𝑖𝑛𝜃(1 + 𝑒𝑐𝑜𝑠𝜃)
3
𝑝3
 
(𝑎. 1) 
The detailed non-dimensionalisation process for the first four terms in Eq. (8) is as follows 442 
utilizing Eq. (a.1). 443 
𝑇𝑒𝑟𝑚1−4 = 𝑙̈ +
𝑐𝑑
𝑚
𝑙̇ +
𝑘
𝑚
(𝑙 − 𝑙0) − 𝑙?̇?
2
= 𝑟𝜉′′?̇?2 + 2?̇?𝜉′?̇? + 𝑟𝜉′?̈? + 𝜉?̈? + 2𝜂𝜔𝑛𝑟𝜉
′?̇? + 2𝜂𝜔𝑛𝜉?̇? + 𝜔𝑛
2𝜉𝑟 − 𝜔𝑛
2𝜉0𝑟 − 𝜉𝑟?̇?
2
= 𝜉′′(1 + 𝑒𝑐𝑜𝑠𝜃)
𝜇𝑎
𝑝2
(1 + 𝑒𝑐𝑜𝑠𝜃)2 + 2𝜉′𝑒𝑠𝑖𝑛𝜃
𝜇𝑎
𝑝2
(1 + 𝑒𝑐𝑜𝑠𝜃)2 − 2𝜉′𝑒𝑠𝑖𝑛𝜃
𝜇𝑎
𝑝2
(1 + 𝑒𝑐𝑜𝑠𝜃)2
+ 𝜉𝑒𝑐𝑜𝑠𝜃
𝜇𝑎
𝑝2
(1 + 𝑒𝑐𝑜𝑠𝜃)2 +
2𝜂𝜉′𝜛
1 + 𝑒𝑐𝑜𝑠𝜃
𝜇𝑎
𝑝2
(1 + 𝑒𝑐𝑜𝑠𝜃)2 +
2𝜂𝜉𝜛𝑒𝑠𝑖𝑛𝜃
(1 + 𝑒𝑐𝑜𝑠𝜃)2
𝜇𝑎
𝑝2
(1 + 𝑒𝑐𝑜𝑠𝜃)2
+
𝜉𝜛2
(1 + 𝑒𝑐𝑜𝑠𝜃)3
𝜇𝑎
𝑝2
(1 + 𝑒𝑐𝑜𝑠𝜃)2 −
𝜉0𝜛
2
(1 + 𝑒𝑐𝑜𝑠𝜃)3
𝜇𝑎
𝑝2
(1 + 𝑒𝑐𝑜𝑠𝜃)2
− 𝜉(1 + 𝑒𝑐𝑜𝑠𝜃)
𝜇𝑎
𝑝2
(1 + 𝑒𝑐𝑜𝑠𝜃)2 
(𝑎. 2) 
where 𝜔𝑛 can be written as follows. 444 
𝜔𝑛 =
𝜔𝑛
?̇?
?̇? =
𝜔𝑛
√
𝜇𝑎
𝑝3
√
𝜇𝑎
𝑝3
= 𝜛√
𝜇𝑎
𝑝3
 
Finally, the non-dimensional form for  𝑇𝑒𝑟𝑚1−4 can be given as follows by removing the 445 
underlined terms in Eq. (a.2). The final non-dimensional terms 𝑇𝑒𝑟𝑚1−4
′  can be obtained as 446 
follows. 447 
𝑇𝑒𝑟𝑚1−4
′ = 𝜉′′(1 + 𝑒𝑐𝑜𝑠𝜃) + 2𝜉′𝑒𝑠𝑖𝑛𝜃 − 2𝜉′𝑒𝑠𝑖𝑛𝜃 + 𝜉𝑒𝑐𝑜𝑠𝜃 +
2𝜂𝜉′𝜛
1 + 𝑒𝑐𝑜𝑠𝜃
+
2𝜂𝜉𝜛𝑒𝑠𝑖𝑛𝜃
(1 + 𝑒𝑐𝑜𝑠𝜃)2
+
𝜉𝜛2
(1 + 𝑒𝑐𝑜𝑠𝜃)3
−
𝜉0𝜛
2
(1 + 𝑒𝑐𝑜𝑠𝜃)3
− 𝜉(1 + 𝑒𝑐𝑜𝑠𝜃)
= 𝜉′′(1 + 𝑒𝑐𝑜𝑠𝜃) + 2𝜂𝜛
𝜉𝑒𝑠𝑖𝑛𝜃 + 𝜉′(1 + 𝑒𝑐𝑜𝑠𝜃)
(1 + 𝑒𝑐𝑜𝑠𝜃)2
+
𝜛2(𝜉 − 𝜉0)
(1 + 𝑒𝑐𝑜𝑠𝜃)3
− 𝜉 
(𝑎. 3) 
Similarly, one can utilize the same procedure to perform the non- dimensionalisation for the 448 
remaining terms in Eqs. (8, 9). 449 
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